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Abstract
The extinction of an envelope flame at the forward stagnation point of a liquid fuel droplet due to forced convection is numerically investigated. The droplet is oxidizing within an air stream at atmospheric pressure. Combustion
is modeled using finite-rate chemical kinetics and a one-step overall reaction. The gas-phase solution is obtained
using the quasi-steady equations of mass, momentum, species, and energy conservation. A new multicomponent
formulation, which is appropriate for use with the finite-volume method, was developed to accurately describe the
mass diffusion. Droplet circulation is accounted for by solving the quasi-steady mass and momentum conservation
equations, for the liquid phase. The gas phase and liquid phase are coupled via interfacial conservation equations,
and the complete set of governing equations is solved iteratively. Results for extinction velocity as a function of
droplet diameter and freestream temperature are presented for an n-heptane droplet. Numerical predictions for
n-heptane are in quantitative agreement with the limited n-heptane experimental data available in the literature,
and in qualitative agreement with experimental results for a variety of fuels and over a wide range of ambient
temperatures and droplet diameters. A linear dependence of the extinction velocity as a function of droplet diameter constitutes the present state of knowledge. This study predicts a nonlinear dependence for small diameters
(d < 1 mm) and a linear dependence only for large diameters (d > 2 mm). The predictions also show that a form
of the Damköhler number at extinction can be correlated with the Reynolds number through the use of the transfer
number and appropriate dimensionless activation and adiabatic flame temperatures. A correlation that accurately
reproduces the numerical predictions for extinction velocity over a wide range of droplet diameters and ambient
temperatures is presented.
 2005 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
Keywords: Droplet combustion; Extinction; Finite volume; n-Heptane; Numerical simulation
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Nomenclature
A
a
B
b
cp
c̄p,f
d
Da
Dij
Dim
DT,i
Ea
Gr
g
h
K
k
L
l
ṁθ
N
p
Q
R
Re
Ri
Rf
Ru
r
T
Tad
TM
T̄s
U∞
Vi
v
vr
vθ

preexponential factor
fuel concentration exponent in reaction
rate equation
transfer number
oxygen concentration exponent in reaction rate equation
specific heat capacity at constant pressure
cp of fuel at T̄ = 0.5(Tad + T̄s )
droplet diameter
Damköhler number
binary diffusion coefficient for the
pair ij
effective diffusion coefficient for the ith
species
thermal diffusion coefficient for the ith
species
activation energy
Grashof number
gravitational acceleration
specific enthalpy
evaporation constant
thermal conductivity
latent heat of vaporization
characteristic length
local mass flux at droplet surface
total number of chemical species
pressure
lower heating value of fuel
droplet radius
Reynolds number
Richardson number
ideal gas constant for fuel
universal gas constant
radial position
temperature
adiabatic flame temperature
“mean” temperature 0.5(Tad + T∞ )
average droplet surface temperature
freestream velocity
diffusion velocity of the ith species
velocity vector
velocity component in radial direction
velocity component in polar direction

Wi
Wi
Xi
Yi
y

molecular weight of ith species
component of Vi caused by temperature
gradient
mole fraction of ith species
mass fraction of ith species
flame distance from droplet surface
along line of constant θ

Greek symbols
δVi

µ
ν
νi , νi
ρ
σ
θ
ωi

correction velocity for Vi
dimensionless activation temperature
dynamic viscosity
kinematic viscosity
stoichiometric coefficient of the ith
product and reactant, respectively
density
stoichiometric fuel-to-oxidizer (including inert species) mass ratio
polar position
rate of mass production of the ith species
per unit volume

Subscripts
b
e
f
fc
g
i
l
M
nc
o
ox
ref
s
sat
∞

at boiling point
at extinction
fuel or flame
forced convection
gas phase
ith species
liquid phase
properties evaluated at TM and ambient
composition
natural convection
oxygen (O2 )
oxidizer (dry air)
reference state
droplet surface
saturated liquid/vapor
freestream or outer computational
boundary

Superscripts
∗
T

dimensionless variable
transpose
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1. Introduction
The classic droplet combustion model (spherically
symmetric envelope diffusion flame in a quiescent
environment) predicts that any size droplet burns to
completion [1]. However, the literature has shown that
depending on the conditions, extinction is possible
even in a quiescent environment. Thus, it has been
known for a long time that small droplets could extinguish when the chemical reaction residence time
is insufficient [2]. It has been shown both theoretically [3] and experimentally [4,5] that large droplets
in a quiescent environment can extinguish when they
experience excessive radiation heat losses from the
flame zone. Furthermore, envelope flames surrounding droplets can extinguish in the presence of “adequately strong” convective flows.
Experimental studies on convective extinction of
fuel droplets (mostly simulated with porous spheres)
under normal gravity are also available in the literature [6–13]. The Richardson number (the inverse of
the Froude number) provides a ratio of the strength of
buoyancy-induced to forced convection flows in the
experiments. It is given by
Ri =

Gr
Re2∞,e

≈

g

3
lnc

,
2
2
U∞,e
lfc

where U∞,e is the characteristic velocity associated
with forced convection at extinction conditions, lfc is
the characteristic length for forced convection, and
lnc is the characteristic length for natural convection. For Ri < O(10−1 ), forced convection dominates
buoyancy [14]. The literature indicates that the extinction velocity increases monotonically with the droplet
diameter (linearly [6] or like d 0.5 [8]). Regardless
of the dependence, as a result of the monotonic increase in extinction velocity with droplet diameter,
it has been argued that, under extinction conditions,
natural convection becomes negligible (forced convection dominates and Ri is small) at large “droplet”
(porous sphere) diameters (e.g., [12]). However, the
effect of natural convection on extinction velocity depends on the orientation of the gravitational vector
relative to the forced flow. In general, three different
orientations have been used in experimental studies:
the buoyancy-induced flow either (1) aids [7,9–12],
(2) opposes [8], or (3) is normal to [6] the forced convection. The characteristic lengths in the Richardson
number would differ greatly between these orientations. When the buoyancy-induced flow is normal to
the forced convection, both lnc and lfc would be the
lateral flame dimension (normal to the forced flow),
which is approximately equal to the “droplet” diameter for the highly strained flames present in porous
sphere extinction experiments. As a result, buoyancy
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is negligible in Spalding’s experimental data [6] (Ri
ranges from 0.14 to 0.045 for the range of diameters considered). If the buoyancy-induced flow aids or
opposes the forced convection, lnc becomes the total
flame length (along the direction of the forced flow),
whereas lfc is approximately equal to the “droplet”
diameter. The extinction flame length under these
configurations can be many times larger than the
“droplet” diameter (for large porous spheres it is on
the order of 10 diameters [10]), which can lead to
a nonnegligible buoyancy effect. The experiments of
Agafonova et al. reported in Ref. [13] (air stream at
room temperature) were conducted employing suspended droplets with the air stream aiding or opposing the buoyancy-induced flow. Extinction velocities of 0.4 and 0.8 m/s were measured, respectively,
which shows convincingly the importance of natural
convection.2 Mixed convection is the prevailing flow
field. No numerical study has attempted to simulate
such an experiment.
In the absence of gravity, or when gravity and
forced convection are collinear, an axisymmetric flow
field surrounds a droplet. This makes the problem
tractable for development of a numerical model. Studies using numerical models for droplet combustion
under zero gravity and forced convection conditions
are available in the literature [15–20]. No detailed numerical studies on the convective extinction of fuel
droplets were found, with the exception of Jiang et al.
[19], who predicted multiple flame configurations for
a 100-µm-diameter droplet and specific combinations
of Damköhler and Reynolds numbers.
A two-dimensional, axisymmetric model of droplet combustion must also contend with the computational requirements of modeling the combustion
process. If the fuel is a typical hydrocarbon (e.g.,
n-heptane), then the detailed chemical kinetics may
consist of hundreds of species and thousands of elementary reactions. The large number of species makes
the use of detailed kinetics for long-chained hydrocarbons (in two-dimensional simulations) computationally prohibitive at present. Simplified or reduced
chemical kinetics may be employed as an alternative
to detailed kinetics. The simplest and most widely
used mechanism is the one-step overall reaction [15–
19]. The finite-rate chemical kinetics for the one-step
overall reaction are empirical in nature and appropriate kinetic parameters could be determined from
experimental data under microgravity conditions. Future work will undoubtedly use detailed kinetics to
further delineate the effect of kinetics on fundamental
2 When the air stream was at a high temperature, Agafonova et al. [13] reported that the extinction velocity was so
large that buoyancy effects were negligible.
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phenomena such as extinction. The numerical model
of Lee et al. [20] can use detailed kinetics; however,
results are presented for CO/air oxidation which consists of relatively few species.
Experimental studies on fuel droplet convective
extinction under microgravity conditions are very
limited. The microgravity studies currently available
either give a range of possible extinction velocities
(e.g., [21]) or merely note a specific flame configuration (e.g., wake [22] or envelope [4]) at a given
freestream velocity. There are, however, several analytical/numerical studies available in the literature
(including the closely related ones on flame extinction
in the stagnation-point boundary layer [23–25]). All
of these studies neglect gravity effects. Wu et al. [26]
used the axisymmetric boundary layer equations with
large activation energy asymptotics and predicted that
the extinction velocity varies linearly with the droplet
diameter, which is in agreement with the experiments
of Spalding [6] and Sami and Ogasawara [9] and actually even with Agoston et al. [8], who curiously
claimed a d 0.5 dependence although their data vary
linearly with the diameter (see discussion on Fig. 3
below).
This article describes a numerical investigation of
fuel droplet extinction due to forced convection. An
environment consisting of air at atmospheric pressure
is considered. The equations and methods employed
in our numerical model are presented and numerical
results are compared with experimental data available in the literature. Results for the extinction of
n-heptane droplets in a zero-gravity environment at
various temperatures are expressed as a function of
droplet diameter. The Damköhler number at extinction is correlated with the Reynolds number through
the use of the transfer number and appropriate dimensionless activation and adiabatic flame temperatures.

Fig. 1. Problem schematic (buoyancy-induced flow aiding
forced convection).

nal circulation and tangential velocities at the droplet
surface. Other assumptions used to make the problem
more tractable include: (1) the flow is axisymmetric and laminar; (2) the droplet maintains a spherical
shape; (3) thermal radiation is negligible; (4) the Dufour effect and mass diffusion due to a pressure gradient, which are second-order effects, are negligible;
(5) viscous dissipation and pressure work are negligible; (6) gas-phase transport and thermodynamic
properties are a function of temperature and composition only; (7) the fuel droplet consists of a single component with negligible solubility of gas phase
species into the liquid phase; and (8) heat transfer to
the droplet interior is negligible. The gas phase consists of several different chemical species, the number
and type of which are defined by the chosen fuel, the
composition of the ambient gases, and the chemical
kinetics model employed.
The governing equations for the gas and liquid
phases based on the above assumptions are shown below in vector form.
2.1. Gas phase
Continuity:

2. Theoretical model
A previously developed model for quasi-steady
droplet combustion that used a single binary diffusion coefficient [27] has been modified to include
the current multicomponent formulation and the effect of gravity. The model simulates the evaporation/combustion of a liquid fuel droplet of radius R
in a convective, low-pressure environment of infinite expanse (Fig. 1). The freestream pressure (p∞ ),
temperature (T∞ ), and velocity (U∞ ) are constant.
The model assumes a quasi-steady gas phase [28]
with variable properties. Interaction between the gas
and liquid at the interface causes circulation within
the droplet and evaporation from the droplet surface.
The liquid-phase quasi-steady equations with constant properties are incorporated to account for inter-

∇ · (ρv) = 0.

(1)

Conservation of species:
∇ · (ρvYi ) = ωi − ∇ · (ρYi Vi ),

i = 1, . . . , N. (2)

Momentum conservation:


2
ρv · ∇v = −∇p − ∇ µ(∇ · v)
3

 
+ ∇ · µ (∇v) + (∇v)T + ρg.
Energy conservation:


k
∇T +
∇ · (ρvT ) = ∇ ·
cp
−

1
cp

N

ρYi Vi · ∇hi −
i=1

k
cp2

1
cp

(3)

∇T · ∇cp

N

ωi hi .
i=1

(4)
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Diffusion velocity:

2.4. Boundary conditions


N 
Xi Xj
(Vj − Vi )
∇Xi =
Dij

The boundary conditions in terms of spherical coordinates are listed below.

j =1



Xi Xj
DT,j
DT,i
−
ρDij
Yj
Yi
j =1


∇T
, i = 1, . . . , N.
×
T

Inflow: r = r∞ , 0  θ  π/2

N 

+

vr = −U∞ cos θ,
(5)

vθ = U∞ sin θ,
T = T∞ ,
p = p∞ ,

2.2. Liquid phase

Yi = Yi,∞ ,

Continuity:

i = 1, . . . , N.

Outflow: r = r∞ , π/2 < θ  π

∇ · v = 0.

(6)

Momentum conservation:
ρv · ∇v = −∇p + µ∇ 2 v + ρg.

(7)

∂T
∂p ∂Yi
∂vθ
=
=
=
= 0.
∂r
∂r
∂r
∂r
The radial velocity (vr ) is extrapolated using the
continuity equation.

2.3. Interface conditions

Axis of symmetry: θ = 0 or π

The gas- and liquid-phase governing equations are
coupled at the interface by the following equations,
which are shown in spherical coordinates.

vθ = 0,
∂T
∂p ∂Yi
∂vr
=
=
=
=0
∂θ
∂θ
∂θ
∂θ

Continuity of tangential velocities:

in both the gas and liquid phases.

vθ,g,s = vθ,l,s .
Continuity of shear stress:


∂vθ,g vθ,g 1 ∂vr,g
µg,s
−
+
∂r
r
r ∂θ s


∂vθ,l vθ,l 1 ∂vr,l
−
+
= µl,s
.
∂r
r
r ∂θ s

(8)

(9)

Conservation of species:
fuel:

ṁθ = ṁθ Yf,s + ρg,s Yf,s Vr,f,s ,

non-fuel:

0 = ṁθ Yi,s + ρg,s Yi,s Vr,i,s .

(10)
(11)

Conservation of energy:
ṁθ L = kg,s

∂Tg
.
∂r s

(12)

Conservation of mass:
ṁθ = ρg,s vr,g,s = ρl,s vr,l,s .

2.5. Diffusion velocity
In anticipation of the use of the finite-volume
method [29] to solve the governing equations, the
diffusion velocity in the gas-phase conservation of
species Eq. (2) must be described in terms of the gradient of the mass fraction of the ith species. Equation
(5) states that mass diffusion consists of two components: “ordinary” diffusion, which is mass diffusion
due to concentration gradients, and “thermal” diffusion (also known as the Soret effect), which is mass
diffusion caused by temperature gradients. The diffusion velocities in Eq. (5) are linearly dependent and
are subject to the constraint
Yi Vi = 0. The thermal diffusion coefficients have the following property: DT,i = 0 [30]. In the current model, the diffusion velocity is defined as
Vi = −

(13)

Phase equilibrium is assumed at the droplet surface.
The Clausius–Clapeyron equation was employed to
relate the gas-phase surface temperature (Tg,s ) to the
partial pressure of the fuel in the gas phase (pg,f,s ):




pg,f,s
L
1
1
=
.
−
ln
(14)
pref,sat
Rf Tref,sat Tg,s

Dim
∇Yi + δVi + Wi ,
Yi

where
Wi = −

DT,i ∇T
ρYi T

is the “thermal” diffusion velocity,
Dim =

1 − Xi
j =i (Xj /Dij )
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is the effective diffusion coefficient for the ith species
into the mixture of all other species (see, e.g., [30] and
Method V in [31]), and δVi is a correction velocity
to satisfy Eq. (5). Using the identities
Yi = 1 and
Xi = (Yi /Wi )/ (Yj /Wj ) (where Wi is the molecular weight of the ith species) in the above equations
and rearranging give an expression for the correction
velocities,
Yj
Yj
−
δVj
Wj Dij
Wj Dij
j =i
j =i


Dj m
1
1−
∇Yj ,
=
Wj
Dij

(15)

j =i

for i = 1, . . . , N which are subject to the constraint
N

Yj δVj =
j =i

Dj m ∇Yj + δVi (1 − Yi ).
j =1

(16)
The resulting gas-phase conservation of species equation, which is appropriate for use with the finitevolume method, is


∇ · ρ(v + δVi + Wi )Yi = ωi + ∇ · (ρDim ∇Yi ).
2.6. Properties
Variable properties in the gas phase were calculated using the ideal gas law and low-pressure correlations from Reid et al. [32]. Species viscosities
and thermal conductivities were calculated using the
method of Chung et al. [32,33]. Mixture viscosity and
thermal conductivity were obtained using the method
of Wilke [32,34]. The curve fits of McBride et al. [35]
were used to calculate the pure species-specific heat
capacities and enthalpies with the corresponding values for the mixture given by
N

cp =

Yi cp,i
i=1

and
N

h=

2.7. Combustion model
The fuel is n-heptane, which is oxidizing in dry
air. A one-step overall reaction is used,
C7 H16 + 11(O2 + 3.77N2 ) →
7CO2 + 8H2 O + 11(3.77N2 )

δVi

δVi +

were calculated using the correlations given by Haywood [39]. The latent heat of vaporization for the fuel
was determined using the method of Pitzer et al. [32].

Yi hi .
i=1

The binary diffusion coefficients Dij were evaluated
using the first approximation from kinetic theory [32,
36] and the Lennard–Jones 12–6 potential. Methods
for calculating the thermal diffusion coefficient DT,i
based on kinetic theory [36,37] are quite complex. An
approximation developed by Ramshaw [38] was used
to calculate DT,i in the gas phase.
The constant properties in the liquid phase were
evaluated at the average surface temperature of the
droplet. Values for the fuel density and viscosity

with the associated finite-rate chemical kinetics defined by
 


ρYf a ρYo b
ωi = Wi νi − νi A
Wf
Wo


−Ea
, i = 1, . . . , 5,
× exp
(17)
Ru T
where ωi is the rate of mass production of the ith
species per unit volume, A is the preexponential factor, Ea is the activation energy, and a and b are
the fuel and oxygen concentration exponents, respectively. Conversion of the governing equations to dimensionless variables (based on freestream values)
yielded a dimensionless rate of species production
(ωi∗ ) of
ωi∗ = ωi

R
.
U∞ ρ∞

The resulting equation for ωi∗ is
Wi 
ν − νi (ρ ∗ )a+b Yfa Yob
Wf i


Ea
Ea
,
× exp
−
Ru T∞ Ru T

ωi∗ = Da

where ρ ∗ = ρ/ρ∞ is the dimensionless density and




−Ea
AR a+b−1 1−a 1 b
ρ∞
Wf
exp
Da =
(18)
U∞
Wo
Ru T∞
is the Damköhler number, which is the ratio of the
convective time scale to the chemical reaction time
scale.
The values for the kinetic parameters (A, Ea ,
a, and b) for a one-step overall reaction are determined empirically. Seiser et al. [40] suggest the
following values for n-heptane: A = 7.07 × 1011
(kmol/m3 )1−a−b /s, Ea = 1.53 × 105 kJ/kmol, a =
1.0, and b = 1.0. They measured strain rate at extinction as a function of oxygen concentration for
non-premixed flames stabilized in an oxidizer stream
counterflowing over a liquid pool of n-heptane. The
given kinetic parameters resulted in a match between
their numerical predictions and experimental data.
However, the experimental data were obtained under
normal gravity and the numerical model neglected
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gravity. Like Seiser et al. [40], the current work assumes that the reaction is first order with respect to
fuel and oxygen (a = b = 1). However, appropriate values for A and Ea are determined by matching normal-gravity experimental data available in the
literature with normal-gravity numerical results (see
Section 4).

3. Numerical methods
The governing equations discussed in the previous
section are discretized using the finite-volume [29]
and SIMPLEC [41] methods. Convection/diffusion is
modeled using the central difference with deferred
correction method, with the “active” coefficients calculated using the power-law scheme [29]. A staggered grid was adopted to avoid zig-zag pressure distributions. Relaxation was incorporated via an artificial time step that was embedded in the discretization equations. Hyperbolic tangent stretching functions [42] were used to concentrate grid points near
the fore and aft lines of symmetry and at the droplet
surface in both the gas and liquid phases.
The discretization equations, with the exception of
the diffusion velocity correction terms, were solved
using the ADI method, with the TDMA used on each
line of the two alternating directions. A single global
iteration consisted of: (1) solution of the gas-phase
discretization equations, (2) solution of the interface
equations, (3) solution of the liquid-phase discretization equations, and (4) updating of the gas and liquid transport properties. The order of solution in the
gas phase was: (1) solve the momentum equations,
(2) solve the pressure correction equation, (3) correct the velocities and pressures, (4) solve for the
diffusion velocity corrections, (5) solve the conservation of energy equation, (6) solve the first N − 1
species conservation equations, and (7) solve for YN
using
Yi = 1. The solution procedure for the liquid phase was identical to steps (1) through (3) for
the gas phase. Global convergence was defined as follows: For φi,j  φ max × 10−3 ,
prev

φi,j − φi,j
φi,j

 1.0 × 10−4 ;

(19)

otherwise,
prev

φi,j − φi,j
 1.0 × 10−4 ,
φ max × 10−3

(20)

where φ is vr,g , vθ,g , Tg , vr,l , or vθ,l ; the superscript
(prev) indicates the value at the previous global iteration; and φ max is the maximum velocity or temperature in the given phase. Equation (20) was included to

Fig. 2. Initial conditions for (a) fuel and oxygen mass fractions and (b) temperature distribution as a function of radial
position.

allow for convergence when velocities near zero exist
in the computational domain.
The N − 1 equations (15) along with the constraint
equation (16), which define the diffusion velocity correction terms, were solved at each grid point using
Gauss–Seidel iteration. Equation (16) was used for
the correction term that corresponded to the species
with the maximum Yi .
Droplet ignition was accomplished numerically
by assuming an initial condition of a chemically
frozen environment with a high-temperature region
surrounding the droplet. The velocities were initially
set to zero in the computational domain. The fuel and
oxygen mass fractions (Yf and Yo ) were set as shown
in Fig. 2a, with nitrogen (N2 ) making up the balance
of the total mass (YN2 = 1 − Yo − Yf ). The assumed
initial temperature distribution is shown in Fig. 2b.
The values for r1 and r2 are adjustable program inputs
which were varied until droplet ignition was achieved.
When ignition occurs, results are independent of r1
and r2 .
The extinction velocity was determined by selecting an initial freestream velocity that resulted in an
envelope flame and then incrementing the freestream
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velocity by 1 cm/s (0.5 cm/s for d  0.5 mm) between successive quasi-steady solutions until a significant (greater than 5%) decrease in the evaporation
constant (K) was obtained. This particular definition
of extinction is consistent with experimental observations of the change in mass burning rate at extinction
[8,10]. Physically, the extinction velocity corresponds
to the maximum freestream velocity that will support
an envelope flame. The evaporation constant (K) is an
average over the entire droplet surface, and is given by

2
ṁθ dA.
K=
ρl π R
A

The computer code developed for this study was
extensively tested prior to its use for combustion simulations. Problems of increasing complexity were employed in the testing procedure which included the
determination of minimum grid requirements. The details of the testing procedure and specific results are
given in [27]. A brief summary of the testing procedure is provided below.
The gas-phase momentum, energy, and pressure
correction equations were tested via comparison of
the program output with numerical and experimental results for constant property flow over a sphere.
The following data were used: (1) Drag coefficients
for solid spheres at Reynolds numbers (Re∞ =
dU∞ /ν∞ ) of 0.1, 1, 10, 100, and 300 were compared with numerical results in the literature [43–47]
and with the correlations of Clift et al. [48]. (2) The
dimensions of the attached vortex on the downstream
side of the sphere were compared with the experimental results of Taneda [49] reported in [48]. (3) The
angular location along the sphere surface at which
the flow separates was compared with the correlation
given by Clift et al. [48]. (4) Nusselt numbers for a
Prandtl number of 0.672 and a dimensionless sphere
temperature (Ts /T∞ ) of 0.25 at Reynolds numbers of
0.1, 1, 10, and 50 were compared with the numerical
results of Sayegh and Gauvin [46]. (5) Drag coefficients for blowing spheres at Reynolds numbers of 1
and 100 and blowing numbers (Λ = vr,s /U∞ ) of 0.1
and 0.3 were compared with the numerical results of
Cliffe and Lever [50].
The liquid-phase momentum and pressure correction equations were tested by comparing results with
the numerical predictions for isothermal flow past a
water droplet of LeClair et al. [51]. Values for the
location of the vortex in the liquid phase and the location and magnitude of the maximum velocity along
the droplet surface were compared for Reynolds numbers of 30, 100, and 300.
The complexity of the problem under investigation makes an exhaustive study of the grid density
requirements for all possible cases prohibitive. The

above-mentioned test problems were used to generate a set of minimum grid requirements which were a
function of Reynolds number. Sixty grid points in the
polar direction (nθ = 60) and twenty-five grid points
for the liquid-phase radial direction (nr,l = 25) are
sufficient to maintain accuracy for Reynolds numbers
up to 300. However, the number of radial grid points
in the gas phase (nr,g ), the dimensionless location
∗ = r /R), and the diof computational infinity (r∞
∞
mensionless grid spacing next to the droplet surface
( rs∗ = rs /R), are varied as a function of Reynolds
number. For example, solutions with 100 < Re∞ 
∗ = 15, and r ∗ = 0.0125,
300 require nr,g = 100, r∞
s
while solutions for Re∞ = 0.001 need nr,g = 220,
∗ = 150, and r ∗ = 0.025 to obtain solutions that
r∞
s
are “grid independent” [27]. These grid requirements
were used in initial runs for the combustion simulations that are discussed in Section 4. The actual
nr,g used for each of the runs was higher than the
minimum values given to better resolve the flame locations. Also, several of the extinction runs that are
presented exceed Re∞ = 300. Very dense grids in the
polar direction (nθ = 180) and next to the droplet surface ( rs∗ = 0.005) were required for these cases.
The assembled code was also tested via comparison to the drag correlations of Chiang et al. [52] and
Renksizbulut and Yuen [53], and to the Nusselt number correlations of Chiang et al. [52] and Renksizbulut
and Yuen [54] for droplet evaporation. A Damköhler
number of zero was specified in the code to obtain the
results for droplet evaporation. Drag coefficients and
Nusselt numbers for a 0.5-mm-diameter n-heptane
droplet evaporating in air at temperatures of 800 and
1200 K were compared with the correlations over a
range of Reynolds numbers from 5 to 100.
The results from the current code were in excellent agreement with all of the test cases listed in
the preceding paragraphs. There were some slight
differences in the evaporation data, with the two
correlations bracketing results for drag coefficient
from the current code and the current code predicting
slightly lower Nusselt numbers (a maximum of 10%
at Re∞ = 5) than both correlations (see Pope [27] for
details). These slight differences are probably due to
the use of different property correlations. Based on
the level of agreement achieved with results in the literature for these “less complex” problems, the code
was deemed sufficiently validated to explore its usefulness for combustion modeling.

4. Results
The experimental results of Gollahalli and Brzustowski [11] and Goldsmith [7] for the extinction velocities of n-heptane droplets under normal gravity
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Table 1
Range of ambient temperatures and droplet diameters used
in numerical results: n-heptane combustion in air at atmospheric pressure
T∞ (K)
300
650
673
800
1000
1140
1200
1400

Diameters (mm)
0.1, 0.15, 0.2, 0.3, 0.5, 0.6, 0.8, 1, 1.3, 2, 3, 4.5,
6, 8, 15
0.1, 0.3, 0.5, 1, 2, 3, 4.5, 6, 8
0.1, 0.3, 0.5, 1, 2, 3, 4.5, 6, 8
0.1, 0.3, 0.5
0.1, 0.3, 0.5, 1, 2, 3, 4.5, 6, 8
0.1, 0.3, 0.5, 1, 2, 3, 4.5, 6, 8
0.1, 0.3, 0.5, 1.3, 2
0.1, 0.3, 0.5

were used to determine appropriate values for A and
Ea in the combustion model. In both sets of experiments, the buoyancy-induced flow aided the forced
convection flow (see Fig. 1). Gollahalli and Brzustowski [11] used a porous sphere of diameter d =
6 mm to determine the extinction velocity as a function of ambient pressure. Their experiments used nheptane as the fuel and “room”-temperature air as the
oxidizer. They report an extinction velocity of 0.5 m/s
at a pressure of 1 atm. Goldsmith [7] used suspended
fuel droplets with diameters between 1.5 and 1.8 mm
in his experiments. He indicated that an envelope
flame was not present at velocities above 0.345 m/s
for an n-heptane droplet in air at “room” temperature and atmospheric pressure. Numerical simulations
were conducted with T∞ = 300 K, p∞ = 1 atm, g =
9.8 m/s2 , and the buoyancy-induced flow aiding the
forced convection. Use of the kinetic parameters A =
3.35 × 1011 m3 /(kmol s), Ea = 1.53 × 105 kJ/kmol,
a = 1.0, and b = 1.0 in the numerical model resulted
in predicted extinction velocities of 0.35 and 0.5 m/s
for d = 1.65 mm and d = 6 mm, respectively. The
above kinetic parameters were used to generate the
results given in the present work.
Numerical results are presented for the extinction
velocities of n-heptane droplets burning in air at a
pressure of 1 atm and under zero-gravity (g = 0) conditions. Droplet diameter (d) and freestream temperature (T∞ ) are varied (Table 1) to determine their effect on extinction velocity (U∞,e ). The available experimental data for extinction velocities under microgravity conditions have been used for model validation. In addition, experimental data for the extinction
velocities of various fuels under normal gravity have
been qualitatively compared with our zero-gravity numerical results for n-heptane.
First, the extinction velocity predicted by the current code is compared with the experimental value
obtained by Okajima and Kumagai [21]. The close
agreement between predicted and measured values
instills confidence in the adopted kinetic parame-

Fig. 3. Extinction velocity versus droplet diameter: (×) numerical predictions for n-heptane under zero gravity
(T∞ = 300 K, p∞ = 1 atm). Experimental data for various fuels in air at “room” temperature and atmospheric
pressure: under normal gravity: (!) kerosene (Spalding [6]),
(E) n-butyl alcohol (Agoston et al. [8]), (∗) n-heptane (Gollahalli and Brzustowski [11]), (e) gasoline (Agafonova et
al. [13], lower: aiding natural convection, upper: opposing
natural convection), (+) n-heptane (Goldsmith [7]); under
microgravity: (1) n-heptane (Okajima and Kumagai [21]).

ters. For n-heptane and benzene droplets approximately 1.3 mm in diameter, Okajima and Kumagai
[21] observed that an envelope flame could not be
supported at velocities above 45 cm/s in their experiments. The experiments were conducted in air at
atmospheric pressure and temperature. A drop tower
was used to generate microgravity conditions. Air at
atmospheric conditions was numerically modeled using T∞ = 300 K and p∞ = 1 atm. In the experiments, a spark was applied near the droplet to cause
ignition. Droplet ignition was accomplished numerically through the use of the initial temperature and
species mass fractions discussed previously. Based on
these input conditions, the numerical model (without any adjustments) predicts an extinction velocity
of 40 cm/s for d = 1.3 mm.
Extinction velocities of droplets with diameters
ranging from 0.1 to 15.0 mm were numerically determined for T∞ = 300 K. The Reynolds number at
extinction for the d = 15.0 mm case was Re∞,e =
863. Numerical solutions for larger diameters (larger
Re∞,e ) displayed instabilities (downstream temperature fluctuations did not allow for a converged solution) and are not included in the present work. Fig. 3
shows the predicted extinction velocity for n-heptane
droplets in air as a function of droplet diameter. The
figure also includes experimental results from the literature for the extinction velocity of various fuels under normal gravity.
Spalding [6] and Agoston et al. [8] conducted their
experiments employing porous spheres. The experi-
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Fig. 4. Gas-phase streamlines (a, b) and grayscale plot of the temperature distribution in K (c, d) surrounding a typical small
(d = 0.2 mm) and large (d = 3 mm) droplet at extinction; T∞ = 300 K. d = 0.2 mm (a, c); d = 3 mm (b, d).

mental results of Spalding [6] for the extinction velocity of kerosene “droplets” under normal gravity
and the nonturbulent data from Agoston et al. [8] for
n-butyl alcohol under normal gravity are also shown
in Fig. 3. Agoston et al. claimed that the extinction
velocity was proportional to the square root of the
droplet diameter; however, a linear variation of extinction velocity with respect to diameter appears to
adequately describe their data over the range of diameters considered. Spalding’s results also show that
the extinction velocity varies linearly with diameter. The lines drawn through the data of Spalding
(dash-dotted line) and Agoston et al. (dashed line)
are least-squares curve fits of the data. Our numerical results (solid line) predict this linear dependence
for approximately d > 2 mm. Large activation energy
asymptotics [26] also predict this linear dependence.
Obviously, the difference in magnitudes between our
predictions and the measured extinction velocities in
[6] and [8] is due to the difference in fuels. The experimental data of Gollahalli and Brzustowski [11]
(asterisk) and Goldsmith [7] (plus sign), which were
used to determine the kinetic parameters, are illustrated in Fig. 3. Both experiments employed the same

fuel (n-heptane) as we did in our simulations. In both
experiments, the buoyancy-induced flow aided the
forced convection flow. Thus, the predicted extinction velocity under zero-gravity conditions is higher
than the reported experimental values, as expected.
Also shown in Fig. 3 are the extinction velocities
measured by Agafonova et al. which are presented
in Ref. [13]. They conducted the experiment so that
the forced convection flow either aided or opposed
the buoyancy-induced flow. They report extinction velocities of 0.4 and 0.8 m/s, respectively, for 1.8-mmdiameter suspended gasoline droplets. The effect of
natural convection on extinction velocities is clearly
demonstrated by these data.
In addition, Fig. 3 (inset) shows that for diameters
in the range of 0.1–2.0 mm, our numerical model predicts that the extinction velocity exhibits a nonlinear
dependence. Extrapolating the linear curve predicted
for larger droplets may provide an erroneous value
for extinction velocities of droplets of, say, 0.1 mm,
which are encountered in a typical spray. The value
of U∞,e = 0.45 m/s for d = 1.3 mm (square) corresponds to the experimental results of Okajima and
Kumagai [21], as previously discussed.
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Fig. 5. Gas-phase radial velocity along the droplet surface
for a typical small (d = 0.2 mm) and large (d = 3 mm)
droplet at extinction; T∞ = 300 K.

Fig. 4 illustrates the predicted flow and temperature fields around a typical small (d = 0.2 mm) and
large (d = 3 mm) droplet at extinction for an ambient temperature of 300 K. Figs. 4a and 4b show
the gas-phase streamlines surrounding the droplet for
the d = 0.2 mm and d = 3 mm cases, respectively.
The stagnation streamline is indicated by a dashed
line. For d = 3 mm, extinction occurs at a Reynolds
number of Re∞,e = 88, which indicates that forced
convection is dominant for this case. As the droplet
diameter decreases, the extinction velocity decreases,
both quantities causing a reduction in the Reynolds
number. For the d = 0.2 mm case, extinction occurs
at a Reynolds number of Re∞,e = 4.1. At this low
Reynolds number, the strength of the radial flow field
due to droplet evaporation becomes comparable to the
convective field strength.
Figs. 4c (d = 0.2 mm) and 4d (d = 3 mm) are
grayscale plots of the temperature distribution surrounding the droplet. Both figures show trends similar to those of their corresponding streamline plots.
The temperature distribution for the d = 3 mm case
(Fig. 4d) shows a highly strained flame with a thin
(compared to the droplet diameter) high-temperature
zone near the forward stagnation point. In contrast,
Fig. 4c (d = 0.2 mm) shows a very diffuse flame with
a high-temperature region more than one diameter in
thickness near the forward stagnation point.
Fig. 5 illustrates the predicted gas-phase radial velocity along the droplet surface (vr,g,s ) for the same
two cases shown in Fig. 4. The flame is closest to
the droplet surface near the forward stagnation point,
resulting in a higher local vr,g,s . The radial velocity along the droplet surface decreases by approximately 80% for the larger diameter (d = 3 mm). For
the d = 0.2 mm case, the decrease in vr,g,s is only
25%. The smaller diameter is approaching a constant
vr,g,s which is characteristic of spherically symmetric
combustion. The extinction velocity (U∞,e ) is greater
than vr,g,s by an order of magnitude for the larger di-

Fig. 6. Temperature distribution (in K) and fuel and oxygen
mass fractions along the upstream axis of symmetry for a
typical small (d = 0.2 mm) and large (d = 3 mm) droplet at
extinction; T∞ = 300 K. d = 0.2 mm (a); d = 3 mm (b).

ameter (d = 3 mm). For the d = 0.2 mm case, vr,g,s
and U∞,e have approximately the same value. Despite the large difference in “blowing” velocities for
the two cases, the presence of the envelope flame
around the droplet results in a variation of less than
1 ◦ C in the temperature along the droplet surface. The
average droplet surface temperature for both cases,
and for all of the cases given in Table 1, was approximately T̄s = 355 K.
Extinction of an envelope flame occurs somewhere
near the forward stagnation point. Figs. 6a and 6b illustrate the temperature distribution and fuel and oxygen mass fractions along the upstream axis of symmetry (θ = 0) for the same two cases shown in the previous two figures. The location of the stagnation point
is also indicated on the figures. The “thin” (relative
to the droplet diameter) reaction zone for the larger
droplet (Fig. 6b) has been expanded to better display
the temperature and mass fraction profiles. Both cases
show a classic diffusion-flame profile, with fuel being
supplied from the droplet surface and oxygen entering
from the freestream. The location of maximum tem-
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Fig. 7. Characteristic flow time at extinction versus droplet
diameter: (×) numerical predictions for n-heptane under zero gravity (T∞ = 300 K, p∞ = 1 atm). Experimental data for various fuels in air at “room” temperature and atmospheric pressure: under normal gravity:
(!) kerosene (Spalding [6]), (E) n-butyl alcohol (Agoston
et al. [8]), (∗) n-heptane (Gollahalli and Brzustowski [11]),
(+) n-heptane (Goldsmith [7]), (shaded box) n-heptane
(Chauveau et al. [55]); under microgravity: (1) n-heptane
(Okajima and Kumagai [21]).

perature for the two cases is on the freestream side of
the stagnation point. For conditions immediately prior
to extinction, fuel and oxygen have started to “leak”
through the flame front, with the leakage being more
pronounced for the smaller droplet (low Re∞,e ). This
leakage is not predicted for envelope flames that are
farther away from extinction conditions. The results
shown in Figs. 6a and 6b are typical of the results for
all of the runs discussed in the present work.
Figs. 4, 5, and 6 show that, at extinction conditions, the flow and temperature distribution surrounding the droplet and the evaporation at the droplet surface differ significantly for droplet diameters in the
linear (d > 2 mm) and nonlinear (d < 1 mm) regions
noted in Fig. 3. The extinction Reynolds number increases with increasing droplet diameter. Its range
in the nonlinear region is O(1)  Re∞,e  O(10).
Forced convection dominates in the linear region,
with the relative importance of diffusion increasing
as droplet diameter is decreased. The flow field transition from a convection-dominated to an evaporationdominated region manifests itself as a nonlinear dependence of the extinction velocity with the droplet
diameter. This change in behavior at lower Reynolds
numbers is implied in the asymptotic results of Wu
et al. [26], who showed that the functional form of
the droplet diameter at extinction changes when comparing extinction under forced convection at large
Reynolds numbers (where boundary layer theory is
applicable) and spherically symmetric conditions.
The characteristic flow time at extinction (d/
U∞,e ) as a function of droplet diameter is shown in

Fig. 8. Flame distance from the droplet surface along
θ = 0 at extinction versus droplet diameter: (×) ye (0) for
n-heptane (numerical predictions), (!) ye (0) for kerosene
(experimental, Spalding [6]), (E) ye (0)/d for n-heptane
(numerical predictions).

Fig. 7. Spalding [6] observed a nearly constant flow
time in his experiments using kerosene. This is to be
expected, as extinction velocity varies linearly with
diameter and intercepts the vertical axis at a small
velocity, and only extinction velocities for large diameters are reported. The numerically predicted flow
time for n-heptane increases with diameter at a decreasing rate and may approach a constant at much
larger diameters. Additional experimental data for nheptane, which have been obtained by Chauveau et
al. [55] for suspended droplets under normal-gravity
conditions and diameters between 1.0 and 1.5 mm,
are shown in Fig. 7 (shaded box).
Fig. 8 presents information on ye (0), the flame distance from the droplet surface along θ = 0 at extinction, as a function of droplet diameter. The flame distance is defined numerically as the location of maximum temperature. Spalding [6] noted that ye (0) was
approximately constant (0.9 mm) in his experiments.
Agoston et al. [8] reported the same result for a different fuel (n-butyl alcohol). Fig. 8 illustrates Spalding’s
data for kerosene and our numerical results for nheptane. The numerical results are in good agreement
with Spalding’s data. For small diameters, a sharp decrease in the flame standoff distance is predicted. The
ratio ye (0)/d is also shown in Fig. 8. For large diameters, ye (0)/d 1. Therefore, the “droplet” diameter is the characteristic length for natural convection
when the buoyancy-induced flow is normal to the convective field. However, even though ye (0) decreases
with droplet diameter, the ratio ye (0)/d increases to
values greater than one for small droplets. Extinction
occurs at “small” Reynolds numbers and the relative
importance of diffusion (compared with forced convection) increases. The flame surrounding these small
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Fig. 9. Extinction velocity versus droplet diameter for
T∞ = 673 K and 1140 K (p∞ = 1 atm): (×) numerical predictions for n-heptane under zero gravity, (!) experimental
data for gasoline (Agafonova et al. [13]) under normal gravity.

Fig. 10. Extinction velocity versus ambient temperature for
different droplet diameters.

droplets becomes closer to a spherically symmetric
flame, resulting in a higher ye (0)/d.
Solutions for the extinction of droplets with diameters ranging from 0.1 to 8.0 mm were obtained
for T∞ = 673 and 1140 K, and are shown in Fig. 9.
Data from Agafonova et al. [13] for gasoline are included in the figure for qualitative comparison. The
predicted linear region for extinction velocity as a
function of diameter appears to extend to smaller diameters when the ambient temperature is elevated. As
expected, much higher extinction velocities are predicted at these elevated ambient temperatures. This is
shown clearly in Fig. 10, which contains the extinction velocity versus the ambient temperature for three
different droplet diameters. The curve drawn through
the results corresponding to d = 500 µm shows an exponential dependence of extinction velocity on ambient temperature. The increase in ambient temperature
causes a decrease in the characteristic reaction time
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Fig. 11. Flame distance from the droplet surface along θ = 0
at extinction versus droplet diameter for various ambient
temperatures.

Fig. 12. Damköhler number versus Reynolds number at extinction for various droplet diameters and ambient temperatures.

(through the exponential term in the Damköhler number, Eq. (18)), and therefore, a shorter convective time
scale (higher velocity) is required for extinction. As
a result of the higher velocity, the stagnation point
and flame front move closer to the droplet surface, as
shown in Fig. 11.
Extinction conditions are generally characterized
in terms of the Damköhler number at extinction
(Dae ). Fig. 12 is a plot of the predicted Damköhler number versus Reynolds number at extinction
for a range of droplet diameters (d = 100, 300, and
500 µm) and ambient temperatures (T∞ = 800, 1000,
1200, and 1400 K). For a fixed diameter (solid lines),
an envelope flame exists for conditions to the left of
the curve. For a fixed ambient temperature (dashed
lines), an envelope flame exists above the curve.
The results shown in Fig. 12 indicate that a separate
Dae -versus-Re∞,e curve exists for each specified d
or T∞ . Jiang et al. [19] performed simulations only
for d = 100 µm and, as a result, presented a single
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fuel, and c̄p,f is the specific heat capacity of the fuel
evaluated at T̄ = 0.5(Tad + T̄s ). The property correlations from the code were used to evaluate the parameters in the above equations. The specific results and
methods employed include: for n-heptane combustion
in dry air Q = 44922 kJ/kg and σ = 0.06623, for all
cases T̄s = 355 K, the latent heat of vaporization is
evaluated at T̄s which yields L = 322.5 kJ/kg and the
adiabatic flame temperature (neglecting dissociation)
is evaluated by assuming that the fuel is supplied at
T̄s and the air is supplied at T∞ .
The numerical results in Fig. 13 appear to collapse
onto a single curve. The figure also shows a correlation (solid line) of the form
Fig. 13. Correlation of “scaled” Damköhler number versus
Reynolds number at extinction for various droplet diameters
and ambient temperatures.

curve. The following discussion presents an analysis
that collapses all of the extinction conditions shown
in Fig. 12 to a single curve.
The asymptotic results of Krishnamurthy et al.
[25] for diffusion-flame extinction in a stagnationpoint boundary layer suggest that the Damköhler
number should scale with the adiabatic flame temperature, the activation temperature, and the transfer
number. Fig. 13 is a plot of DaM,e (Tf∗ )3 (1 + B) versus ReM,e for all of the cases listed in Table 1. The
Damköhler and Reynolds numbers at extinction are
defined as


−Ea
1
AR
ρM
exp
DaM,e =
(21)
U∞,e
Wo
Ru Tad
and
ReM,e =

dU∞,e
,
νM

where Tad is the adiabatic flame temperature and the
subscript “M” indicates that the properties are evaluated using the ambient composition (dry air) and a
mean temperature of TM = 0.5(Tad + T∞ ). The dimensionless flame temperature (Tf∗ ), activation temperature (), and transfer number (B) are given by
Tf∗ =

Tad c̄p,f

Q
Tad Ru
,
=
Ea

,

and
Qσ + c̄p,f (T∞ − T̄s )
,
(22)
L
where Q is the lower heating value of the fuel, σ
is the stoichiometric fuel-to-oxidizer (including inert
species) mass ratio, T̄s is the average droplet surface
temperature, L is the latent heat of vaporization of the
B=

DaM,e Tf∗  (1 + B)
3

= (−3.24 × 10−3 + 0.312 ReM,e ) ReZ
M,e ,

(23)

where
Z = −0.140 − 9.44 × 10−2 w − 0.100w2
+ 3.21 × 10−2 w3
and w = log ReM,e . Both the numerical results and
the correlation are for a fixed ambient composition (dry air). The correlation can be used to iteratively determine U∞,e given T̄s , T∞ , and d. Using
T̄s = 355 K and a relative error of (U∞,e (num) −
U∞,e (corr))/U∞,e (num), where num indicates the
numerical result and corr indicates the result from
the correlation, the maximum errors are +11.8%
for d = 1 mm and T∞ = 300 K and −19.6% for
d = 0.5 mm and T∞ = 1400 K. These errors assume
a priori knowledge of T̄s to use in the calculations. If
the boiling temperature is used as the surface temperature (T̄s = 371.6 K), the values for Tad , c̄p,f ,
L, Tf∗ , , and B change only slightly. The resulting maximum relative errors in U∞,e are +11.1%
for d = 1 mm, and T∞ = 300 K and −21.9% for
d = 0.5 mm and T∞ = 1400 K.
The correlation given by Eq. (23) predicts extinction velocities over the range 0.15 < ReM,e < 200
that are in good agreement with the numerical results
for n-heptane droplets in air at atmospheric pressure.
A discussion of the form of the correlation, which is
based on the asymptotic results of Krishnamurthy et
al. [25] and Wu et al. [26], and the method of fitting
the correlation to the data is presented in Appendix A
key assumption that is shared by the asymptotic results [25] and the current numerical model is a onestep overall reaction that is first order with respect to
fuel and first order with respect to oxidizer. It should
also be noted that the correlation presented above
does not contain a correction for varying ambient oxygen concentration.
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5. Conclusions
The extinction of n-heptane droplets due to forced
convection was studied using a quasi-steady numerical model. A new multicomponent formulation, which is appropriate for use with the finitevolume method, was developed to accurately describe
the mass diffusion. Combustion was modeled using
finite-rate chemical kinetics and a one-step overall
chemical reaction. The chemical kinetic parameters
used in the present study gave numerical results for
n-heptane that were in quantitative agreement with
the limited available n-heptane data and in qualitative
agreement with experimental results for a variety of
fuels and over a wide range of ambient temperatures
and droplet diameters.
The results of this study establish the following:
(a) Extinction velocity varies linearly with droplet
diameter only for very large droplets (d > 2 mm),
which is the present state of knowledge. For smaller
droplets, however, the extinction velocity dependence
on the droplet diameter is nonlinear. (b) The nonlinear variation of extinction velocity with droplet
diameter for smaller droplets is a result of the transition of the flow field from a convection-dominated
to an evaporation (mass diffusion)-dominated region.
(c) Buoyancy-induced flows may be important for
convective droplet extinction experiments conducted
with suspended droplets at low ambient temperatures.
(d) The extinction velocity varies exponentially with
the ambient temperature.
The predicted extinction conditions, which cover
a wide range of droplet diameters and ambient temperatures, can be represented by a single correlation.
A form of the Damköhler number at extinction was
correlated with the Reynolds number through the use
of the transfer number and appropriate dimensionless
activation and adiabatic flame temperatures. The correlation was developed based on results available in
the literature for large activation energy asymptotics
[25,26]. The current numerical predictions were for a
fixed ambient composition (dry air), and the correlation does not contain a correction for varying ambient
oxygen concentration.
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Appendix A
In this Appendix, the asymptotic analyses of Krishnamurthy et al. [25] and Wu et al. [26] are used to
develop a correlation for the extinction of an envelope
flame surrounding a liquid fuel droplet under forced
convection. The asymptotic analyses were originally
presented for the extinction of the diffusion flame
formed between an oxidizer stream and a vaporizing fuel particle toward which the stream is flowing.
A discussion of the reduction of the asymptotic results to a form that can be correlated is given below.
The composition of the ambient oxidizer (dry air) is
assumed to be fixed. Finally, the method used to generate the correlation is presented.
A.1. Form of correlation
The subscripts ∞ and s are used to denote conditions in the oxidizer stream and at the fuel surface,
respectively. Given the notation used in the present
work, the asymptotic results (for axisymmetric flow)
of Krishnamurthy et al. [25] and Wu et al. [26] for extinction in the diffusion-flame regime can be written
in the form


A
1
−Ea
ρ
exp
2(du∞ /dr) Wf
Ru Tad


(e/2) (1 + σ Yox,∞ )FF 2
G(c),
= ∗ 3
(A.1)
(1 + B)
(Tf )
where A is the preexponential factor, du∞ /dr is the
stretch rate in the oxidizer stream, ρ is the density, Wf
is the molecular weight of the fuel, Ea is the activation energy, Ru is the universal gas constant, Tad is
the adiabatic flame temperature, Tf∗ = Tad c̄p,f /Q is
the dimensionless adiabatic flame temperature, Q is
the lower heating value of the fuel,  = Tad Ru /Ea is
the ratio of the adiabatic flame temperature to the activation temperature, Yox,∞ is the mass fraction of oxidizer (including inert species) in the oxidizer stream,
σ is the stoichiometric fuel to oxidizer (including inert species) mass ratio, B is the transfer number, and
FF and G(c) are functions that are defined below. The
adiabatic flame temperature, as opposed to the actual flame temperature, was used in writing Eq. (A.1)
as recommended by Krishnamurthy et al. [25]. Also,
c̄p,f , which is the specific heat capacity of the fuel
evaluated at T̄ = 0.5(Tad + T̄s ), where T̄s is the (average) temperature at the fuel surface, has been used
to calculate dimensionless temperatures. Noting that
Yox,∞ = 1, and assuming that the oxidizer is consumed in the flame (Yox,s = 0, see Fig. 6), the resulting transfer number is
B=

Qσ + c̄p,f (T∞ − T̄s )
,
L
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where L is the latent heat of vaporization of the fuel.
In the results of Wu et al. [26], the approximation
du∞ /dr =3U∞ /d was used from the solution for potential flow over a sphere. This approximation states
that the stretch rate is proportional to the characteristic flow time (U∞ /d). If du∞ /dr ∝ U∞ /d is used,
the left-hand side of Eq. (A.1) differs from DaM,e defined by Eq. (21) by only a multiplicative constant and
the “mean” conditions (designated by a subscript M)
that are used to evaluate the properties (density).
Based on the observations given above, Eq. (A.1)
can be rearranged to form


(1 + σ Yox,∞ )FF 2
3
G(c), (A.2)
DaM,e Tf∗  ∝
(1 + B)
where the subscript M indicates an as yet unspecified
“mean” condition for evaluating properties. The function G(c) in Eq. (A.2) is defined as
G(c) = c(1 − 2c − 1.04c2 + 0.44c3 ),
where

(σ Yox,∞ + β)/(1 + σ Yox,∞ )


 if σ Yox,∞ + 2β < 1,
c=

(1 − β)/(1 + σ Yox,∞ )


if σ Yox,∞ + 2β > 1,

(A.3)

A.2. Method of correlation
(A.4)

and the parameter β is given by
β=

L + c̄p,f (T∞ − T̄s )
Q

The remaining problem consists of defining the
function FF2 in Eq. (A.5) in terms of ReM,e . Using
equation (A.6) for FF , FF2 can be written as
FF2 = Ψ Ω,

.

For all of the numerical results, σ Yox,∞ + 2β < 1,
and the maximum value of σ Yox,∞ + 2β is 0.3 at
T∞ = 1400 K. Krishnamurthy et al. [25] state that
the parenthetic term in Eq. (A.3) is approximately one
1. Adopting this approximawhen σ Yox,∞ + 2β
tion, the function G(c) can be written as
G(c) ≈ c =

indicates the location of the flame. The flow surrounding a droplet at extinction should be characterized by
the Reynolds number. Thus, considering FF as a function of ReM,e is a reasonable assumption, given an
appropriate “mean” condition for evaluating the properties in the Reynolds number. The correctness of this
assumption is verified in Fig. 13, which shows that
the numerical results collapse onto a single curve.
Several different methods of defining the mean conditions were attempted before adopting the definition
used in the present work. Mean temperatures (TM )
of 0.5(T∞ + T̄s ), 0.5(Tad + T∞ ), and 0.5(Tad + T̄s )
as well as combinations of Spalding’s 1/3 rule [28]
were used. Mean compositions that were explored include all fuel, all oxidizer, and the arithmetic mean of
the droplet surface and the freestream composition.
The use of Renksizbulut and Yuen’s [54] definition
for mean Reynolds number was also investigated. The
definition for the mean condition that is adopted in the
present work resulted in the best correlation of the numerical data.

(1 + B)
L
.
Q (1 + σ Yox,∞ )

The current numerical results are for constant Yox,∞
= 1, σ , L, and Q. Substituting the approximation for
G(c) into Eq. (A.2), dropping the constant multiplicative terms, and rearranging yield
DaM,e Tf∗  (1 + B) ∝ FF2 .
3

(A.5)

The function FF in Eq. (A.5) is determined from
the solution for the flow in the stagnation-point
boundary layer. It is given by
 ηf

FF = fs exp − f dη ,

(A.6)

0

where f is the dimensionless stream function, η is the
transformed coordinate [25,26], and the subscript f

where Ψ = fs2 and
 ηf

Ω = exp −2

f dη .

(A.7)

0

The function Ψ is simply the square of the dimensionless stream function evaluated at the fuel surface
(fs ) which is related to the normal mass flux at the
fuel surface [25]. The effect of convection on the normal mass flux at the fuel surface should be similar
to the effect convection has on the evaporation constant. This effect is either a square-root dependence
on Reynolds number [21] or a linear dependence on
Reynolds number. The function Ψ = fs2 should therefore have one of the following two forms:
 n
i
i=0 ai ReM,e for n = 1, 2,
Ψ=
(A.8)
i/2
n
i=0 ai ReM,e for n = 2, 3, 4.
Here the ai ’s are the polynomial coefficients and n is
the order of the polynomial. While some insight into
the variation of the function Ψ with ReM,e is possible,
the same cannot be said for the function Ω. Equation
(A.7) indicates that Ω is a complicated function of the
flow solution. The function Ω was assumed to be one
of four forms in the curve-fitting process, either Ω =
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γ

ReM,e or Ω = exp(γ ), with the exponent γ taking on
one of two forms:
 m
j
j =0 bj log ReM,e ,
γ=
(A.9)
j
m
j =0 bj ReM,e .
Here the bj ’s are the polynomial coefficients and m is
the order of the polynomial.
The eight combinations of the functions Ψ and Ω
described above were used to determine the best fit
for the numerical data. For each combination, n was
varied as shown in Eq. (A.8) and m was varied from
1 to 5. An iterative least-squares curve fit was performed using the following procedure: starting with
an initial guess for the bj ’s, (1) perform the curve
fit to find the ai ’s while holding the bj ’s constant,
(2) perform the curve fit to find the bj ’s while holding the ai ’s constant, and (3) repeat steps (1) and (2)
until the ai ’s and bj ’s converge. The combination of
functions (Ψ and Ω) and polynomial orders (n and
m) that gave the lowest sum of the squared errors was
the final correlation adopted in the present work. This
correlation is given by Eq. (23).
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